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EXTREMAL RAYS AND NEFNESS OF TANGENT
BUNDLES
AKIHIRO KANEMITSU
Abstract. In view of Mori theory, rational homogenous manifolds sat-
isfy a recursive condition: every elementary contraction is a rational ho-
mogeneous fibration and the image of any elementary contraction also
satisfies the same property. In this paper, we show that a smooth Fano
n-fold with the same condition and Picard number greater than n− 6 is
either a rational homogeneous manifold or the product of n − 7 copies
of P1 and a Fano 7-fold X0 constructed by G. Ottaviani. We also clarify
that X0 has non-nef tangent bundle and in particular is not rational
homogeneous.
Introduction
In view of Mori theory, extremal rays or their contractions play an im-
portant role to study projective manifolds with non-nef canonical bundle,
for example, Fano manifolds. In this viewpoint, we notice that any rational
homogenous manifold satisfies the following recursive condition:
Condition (∗). For every sequence of elementary contractions
X
f1
−→ X1
f2
−→ · · ·
fm−1
−−−→ Xm−1
fm
−−→ Xm,
each fi is a rational homogeneous fibration. Here a contraction is called a
rational homogeneous fibration if it is smooth and every fiber is a rational
homogeneous manifold.
In this paper, we study Fano manifolds with Condition (∗). The above
condition is motivated by the following conjecture due to Campana and
Peternell, which is a generalization of Mori’s result [16] and known to be
true for n-folds with Picard number ρX > n− 5 [3, 5, 8, 15, 34, 36, 9, 10]:
Conjecture 0.1 (Campana-Peternell conjecture [3]). Every Fano manifold
X with nef tangent bundle is a rational homogeneous manifold.
Indeed, by reviewing the proof in above cited references [3, 5, 34, 36, 10] on
Conjecture 0.1 for manifolds with Picard number greater than one, it turns
out that Fano n-folds with Condition (∗) and Picard number ρX > n − 5
are rational homogeneous manifolds by a similar argument. We shall give a
sketch of this in the present paper (see Sect. 3).
For this fact, one might hope that every Fano manifold with Condition (∗)
would be a rational homogeneous manifold. However, this speculation is not
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true in general. In fact, we clarify that the Fano 7-fold X0 constructed by
Ottaviani [26, 27] satisfies the following properties (see Theorem 2.2 for
details):
(1) X0 is a Fano 7-fold with Picard number two which admits two differ-
ent smooth P2-fibrations π and p over the five dimensional quadric:
X0
pi
~~⑤⑤
⑤⑤
⑤⑤
⑤
p
!!❈
❈❈
❈❈
❈❈
Q5 Q5.
(0.1.1)
In particular, X0 satisfies Condition (∗).
(2) The tangent bundle TX0 is not nef. In particular, X0 is not homo-
geneous.
Moreover, we show that a Fano 7-fold with property (1) is unique up to
isomorphism (for a more precise statement, see Theorem 2.6). In particular,
the existence of X0 shows that smooth Fano n-folds with ρX > n− 6 is not
necessarily rational homogeneous.
The purpose of this paper is to classify Fano n-folds with Condition (∗)
and Picard number ρX > n− 6:
Theorem 0.2. Let X be a Fano n-fold with Condition (∗) and ρX > n− 6.
Then X is either
(1) a rational homogeneous manifold or
(2)
(
P1
)n−7
× (X0 as in (0.1.1)).
By a theorem of Demailly, Peternell and Schneider [6, Theorem 5.2] (see
also [30, Theorem 4.4] and [18, Proposition 4]), a Fano manifold X with
nef tangent bundle satisfies Condition (∗) if one assumes Conjecture 0.1
for k-folds with Picard number one and k ≤ dimX − ρX + 1. Note that
Conjecture 0.1 is true in dimension at most five. Hence, as a corollary of
Theorem 0.2, we obtain a result with respect to Conjecture 0.1:
Corollary 0.3. If Conjecture 0.1 for 6-folds with Picard number one is true,
then Conjecture 0.1 is true for n-folds with ρX > n− 6.
Note that the above example X0 as in (0.1.1) also gives a negative answer
to the following problem for q = 1 (cf. [38, 39]):
Problem 0.4 ([4, Problem 6.4]). Let X be a Fano manifold. If
∧qTX is
nef on every extremal rational curve, then is
∧qTX nef?
A significant progress concerning Conjecture 0.1 and Problem 0.4 for q = 1
is obtained by Mun˜oz, Occhetta, Sola´-Conde, Watanabe and Wi´sniewski [18,
23]; They show that, if every elementary contraction of a Fano manifold M
is a smooth P1-fibration, then M is a complete flag manifold. In particular,
Problem 0.4 for q = 1 and Conjecture 0.1 are affirmative for such Fano
manifolds. For further results or background materials on Conjecture 0.1,
we refer the reader to the article [20].
We explain an outline of this paper: In Sect. 1, we present some generality
on intersection numbers with the relative anticanonical divisor on a projec-
tivised vector bundle. To study such intersection numbers, we introduce two
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invariants di(E ) and ∆i(E ) of a vector bundle E as a variant of the defini-
tion of Segre classes and Chern classes. The results are used later to study
Fano bundles of rank bigger than three. In Sect. 2, we give two descriptions
of the manifold X0 as in (0.1.1) and then a characterization of X0 is estab-
lished. Here, as in [19, 35], slopes for Fano bundles (see Definition 1.5) and
numerical conditions on slopes play important roles (cf. [10, Section 2]). In
Sect. 3, we generalize some results in [6, 30, 18, 10] for Fano manifolds with
nef tangent bundle to those for Fano manifolds with Condition (∗). Once
we obtain these generalization of the results, we may prove Theorem 0.2 for
ρX > n− 5 by similar arguments as in [5, 34, 36, 10]. For this we only give
a sketch of the proof. In Sect. 4, we complete the proof of Theorem 0.2 for
ρX = n− 5 and Corollary 0.3.
Convention 0.5. We work over the field of complex numbers. Given a
vector bundle E on a manifold Y , we will denote by PY (E ) = P(E ) the
Grothendieck projectivization of the vector bundle, and a morphism is called
a Pr-bundle if it is isomorphic to the projection of some projectivised vector
bundle. On the other hand, a smooth Pr-fibration is a smooth morphism
whose fibers are isomorphic to Pr.
We will denote by N the null-correlation bundle on P3, by S the spinor
bundle on Q2n+1, by Si (i = 1, 2) the spinor bundles on Q
2n and by C the
Cayley bundle on Q5. For the definitions of the null-correlation bundle, the
spinor bundles and the Cayley bundle, we refer the reader to [25, 26, 27].
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1. Preliminaries: classes di(E ) and ∆i(E ) for a vector bundle E
In this section we introduce two invariants di(E ) and ∆i(E ) of a vector
bundle E as a variant of the definition of Segre classes and Chern classes.
Before the definition, we review the definition of Segre classes and Chern
classes. For more details we refer the reader to [7]. Note that our P(E ) is
P (E ∗) in [7] and our odd Segre classes differ in sign from those in [7]. Let
E be a vector bundle of rank r on a projective manifold Y . Then the i-th
Segre class si(E ) is defined by the equation
si(E ) = π∗
(
ξr−1+ipi
)
,
where π : P(E ) → Y is the natural projection and ξpi is the tautological
divisor. Then the i-th Chern class ci(E ) is defined to be the i-th coefficient
of
(∑∞
i=0(−1)
isi(E )t
i
)−1
. It is well known that Chern classes vanish for
i > r. Hence, by the equations ci(E ) = 0 for i > r, we can describe si(E ) for
i > r explicitly by s1(E ), . . . , sr(E ). Therefore on the projectivised vector
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bundle P(E ) of dimension n, the intersection number ξn−ipi · π
∗D1 · · · π
∗Di is
expressed in terms of intersections between s1(E ), . . . , sr(E ) and D1, . . . ,Di
for 0 ≤ i ≤ n.
In this manner Segre classes and Chern classes are suitable to describe
intersection number with the tautological divisor. In some cases, however,
it is not comfortable to study the geometry of a projectivised vector bundle
P(E ) with Segre classes and Chern classes because the classes vary if we
twist the bundle with a line bundle. To avoid this, we use the relative
anticanonical divisor −Kpi instead of the tautological divisor ξpi. The relative
anticanonical divisor −Kpi or the “normalized hyperplane class −Kpi/r” of
a projectivised bundle is used effectively for the first time in Miyaoka’s
work [14] (cf [37]). Basically the same one of the following definition is also
included in [21, §6.b].
1.1. Definition of di(E ) and ∆i(E ). Let Y be a smooth projective variety
of positive dimension and E a vector bundle of rank r on Y . Set X := P(E )
and let π : X → Y be the natural projection. We will denote by ξpi the class
of the tautological divisor on P(E ). Then we have −Kpi = r ξpi − π
∗c1(E ),
where−Kpi is the relative anticanonical divisor for π. Let n be the dimension
of X.
By the definition of Segre classes, we have
π∗
(
(−Kpi)
r−1+i
)
= rr−1
i∑
j=0
(
r − 1 + i
r − 1 + j
)
rj sj(E )s1(E )
i−j.(1.0.1)
Motivated by this, we define the classes di(E ) and ∆i(E ) as follows:
Definition 1.1. Let the notation be as above.
(1) Set
di(E ) :=
i∑
j=0
(
r − 1 + i
r − 1 + j
)
rj sj(E )s1(E )
i−j .
(2) Set
dt(E ) :=
∞∑
i=0
di(E )t
i
and
∆t(E ) := d−t(E )
−1.
Then ∆i(E ) is defined to be the i-th coefficient of ∆t(E ).
Remark 1.2.
(1) We have π∗
(
(−Kpi)
r−1+i
)
= rr−1di(E ) by (1.0.1).
(2) By (1), we have the following for D1, D2 ∈ N
1(Y ):
(−Kpi + π
∗D1)
i · π∗Dn−i2 = r
r−1
i∑
k=0
(
i
i− k
)
dk+1−r(E ) ·D
i−k
1 D
n−i
2 .
(3) For later usage, we write down the first few di(E ) explicitly:
(a) d0(E ) = 1,
(b) d1(E ) = 0,
EXTREMAL RAYS AND NEFNESS OF TANGENT BUNDLES 5
(c) d2(E ) =
r(r − 1)
2
c1(E )
2 − r2 c2(E ) = r∆, where ∆ is the dis-
criminant of the vector bundle E ,
(d) d3(E ) =
r(r − 1)(r − 2)
3
c1(E )
3−r2(r−2) c1(E )c2(E )+r
3 c3(E ).
(4) By definition, we have
∆i(E ) =
∑
j1+···+jk=i,
jl>0
(−1)i−kdj1(E ) · · · djk(E ).(1.2.1)
Hence the first few ∆i(E ) are written down explicitly as follows:
(a) ∆0(E ) = 1,
(b) ∆1(E ) = 0,
(c) ∆2(E ) = −d2(E ),
(d) ∆3(E ) = d3(E ),
(e) ∆4(E ) = −d4(E ) + d2(E )
2,
(f) ∆5(E ) = d5(E )− 2 d2(E )d3(E ).
We establish a vanishing of ∆i(E ) and “Grothendieck’s relation” for −Kpi
in the next proposition.
Proposition 1.3. ∆i(E ) = 0 for i > r and
r∑
i=0
(−1)i(−Kpi)
r−iπ∗∆i(E ) = 0.
Proof. Set
∆˜i(E ) :=

i∑
k=0
(−1)i−k
(
r − k
i− k
)
rkck(E )c1(E )
i−k if i ≤ r,
0 if i > r.
Note that
ak,j :=
∑
k≤i≤j
(−1)i+j−k
(
r − i
r − j
)(
r − k
i− k
)
=
{
(−1)j if k = j,
0 otherwise.
By a direct calculation, we have
r∑
i=0
(−1)i(−Kpi)
r−iπ∗∆˜i(E )
=
∑
0≤k≤j≤r
ak,jr
r−j+kξr−jpi π
∗
(
c1(E )
j−kck(E )
)
= rr
r∑
i=0
(−1)iξr−ipi π
∗ci(E ).
Hence it is zero by the usual Grothendieck relation.
Therefore, for every nonnegative integer m, we have
r∑
i=0
dm+1−i(E ) · (−1)
i∆˜i(E ) = 0.
This implies that ∆i(E ) = ∆˜i(E ). This completes the proof. 
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Remark 1.4. By the above proposition and Remark 1.2 (4), di(E ) for i > r is
described by d2(E ) . . . , dr(E ) (note that d1(E ) = 0). For example, if r = 3,
we have
d4(E ) = d2(E )
2 and d5(E ) = 2 d2(E ) · d3(E ).
1.2. Slopes of Fano bundles. In this subsection, we assume that ρY = 1
and E is a Fano bundle, i.e. P(E ) is a Fano manifold. Then Y is also
a Fano manifold by [33, Theorem 1.6] or [12, Corollary 2.9]. We write
Pic(Y ) = ZHY with the ample generator HY .
Definition 1.5. [19, Definition 2.1] The slope τ for the pair (Y,E ) is the
real number τ such that −Kpi + τ π
∗HY is nef but not ample.
Then, by [19, Proposition 2.4], [12, Corollary 2.8], the Kawamata rational-
ity theorem and the Kawamata-Shokurov base point free theorem [11, 13],
we have the following:
Proposition 1.6 ([19, Proposition 2.4 and Remark 2.9]).
(1) τ = 0 if and only if X ≃ Pr−1 × Y .
(2) 0 ≤ τ < rY , where rY is the Fano index of Y .
(3) τ ∈ Q.
(4) −Kpi+τ π
∗HY is semiample and defines another contraction p : X →
Z.
Then we have κ(−Kpi + τ π
∗HY ) = dimZ, where κ(−Kpi + τ π
∗HY ) is
the Kodaira dimension of −Kpi + τ π
∗HY . In particular (−Kpi + τ π
∗HY )
i ·
π∗Hn−iY = 0 for i > κ(−Kpi + τ π
∗HY ). Hence we have the following by
Remark 1.2 (2):
Proposition 1.7. For i > κ(−Kpi + τ π
∗HY ), we have
i∑
k=0
(
i
i− k
)
dk+1−r(E ) ·H
n−k
Y τ
i−k = 0.
2. A characterization of Ottaviani bundle
2.1. Ottaviani bundle and the family of special planes on the five
dimensional quadric.
Definition 2.1. Let E be a stable vector bundle of rank three on Q5 with
Chern classes (c1, c2, c3) = (2, 2, 2). Ottaviani [26, Section 3] shows that
such a vector bundle exists and each of which arises as a quotient of the
dual of the spinor bundle on Q5:
0→ OQ5 → S
∗ → E → 0.
In this paper we call this bundle Ottaviani bundle and denote by X0 the
projectivised Ottaviani bundle P(E ).
Set Y := Q5. The surjection S ∗ → E gives an immersion of projectivised
vector bundles i : X0 := PY (E ) → PY (S
∗). By the definition of the spinor
bundle, there exists a smooth P2-bundle p′ : PY (S
∗) → S3 ≃ Q
6, where
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S3 is the spinor variety of type B3. Let P(E )
p
−→ Z
h
−→ S3 be the Stein
factorization of p′ ◦ i:
X0 = PY (E )
pi
ww♣♣
♣♣
♣♣
♣♣
♣♣
p
''◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆

 i
// PY (S
∗)
pi′
ss❣❣❣
❣❣❣
❣❣❣
❣❣❣
❣❣❣
❣❣❣
❣❣❣
❣❣❣
p′
%%▲
▲▲
▲▲
▲▲
▲▲
▲
Y = Q5 Z
h
// S3 ≃ Q
6
We use the same notation as in Section 2 (e.g. HY is the ample generator
of Pic(Y )). Note that the Chern classes (c1, c2, c3, c4) of S
∗ are (2, 2, 2, 0)
and that p is not an isomorphism since dimX0 > dimZ.
Theorem 2.2. The following hold:
(1) p is a P2-bundle over the 5-dimensional quadric Z ≃ Q5. In partic-
ular, X0 satisfies Condition (∗).
(2) The tangent bundle of X0 is not nef.
Proof. By the definition of the spinor bundle, we have p′∗OQ6(1) ≃ OP(S ∗)(1)
and hence the vector bundle S ∗ is nef but not ample. Hence the slope
for the pair (Y,S ∗) is two and p′ is defined by the semiample divisor
−Kpi′ + 2π
′∗HY . Therefore the morphism p is defined by the semiample
divisor (−Kpi′ + 2π
′∗HY )|X0 , which is equivalent to 4 ξpi.
Because dimZ < dimX0, the divisor −Kpi + 2π
∗HY = 3ξpi is nef but not
ample. This implies that E is a Fano bundle whose slope τ is two.
By a direct calculation using Remark 1.2 (2), Remark 1.2 (3) and Re-
mark 1.4, we have (−Kpi+2π
∗HY )
6·π∗HY = 0 and (−Kpi+2π
∗HY )
5·π∗H2Y 6=
0. Hence we have dimZ = 5, h is an immersion and p is the base change
of p′ over Z. Since p′ is a P2-bundle, p is also a P2-bundle. Furthermore
Z is a linear section Q5 of Q6 since the normal bundle of X0 in P(S
∗)
is OP(S ∗)(1)|X0 ≃ p
′∗OQ6(1)|X0 . Hence X0 is a Fano 7-fold with Picard
number two which satisfies Condition (∗):
X0
pi
{{✈✈
✈✈
✈✈
✈✈ p
$$❍
❍❍
❍❍
❍❍
❍❍
Y ≃ Q5 Z ≃ Q5.
By [27, Example 3.3], there exists the following exact sequence on Y = Q5:
0→ C (1)→ E → OQ5(1)→ 0,
where C is the Cayley bundle on Q5. Then the surjection E → OQ5(1) gives
a section S ≃ Q5 ⊂ X0 of π with normal bundle NS/X0 ≃ C
∗ ≃ C (1), which
is not nef by [27, Theorem 3.5]. Hence the tangent bundle of X0 is not nef
since the normal bundle NS/X0 is a quotient of the tangent bundle. 
Remark 2.3. In [28], a smooth projective variety is called convex if
H1(µ∗TX0) = 0
for every morphism µ : P1 → X0, and Pandharipande proved that a convex,
rationally connected smooth complete intersection is a homogeneous mani-
fold. Note that X0 is not convex in the sense of [28]. Indeed the restriction
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of C (1) on a special line in Q5 ≃ S is OP1(−1) ⊕OP1(2) [27, Theorem 3.5].
Hence if we take a double cover of the special line, we have a morphism
µ : P1 → X0 with H
1(µ∗TX0) 6= 0
Definition 2.4 ([27, Section 1]). Let O be the complexified Cayley octo-
nions, which is an algebra generated by 1, e1, e2, . . . e7 with the following
relations: (1) e2i = −1, (2) ei · ej = −ej · ei for i 6= j, (3) e1 · e2 = e3, (4)
e1 · e4 = e5, (5) e1 · e7 = e6, (6) e2 · e5 = e7, (7) e2 · e4 = e6, (8) e3 · e4 = e7,
(9) e3 · e6 = e5.
It is known that the automorphism group of O is a semisimple group of
type G2, and the group acts on the variety of projectivised elements with
null-square. The equations for the variety of projectivised elements with
null-square is
x0 =
7∑
i=1
x2i = 0.
Hence it is naturally isomorphic to the five dimensional quadric Q5.
The special plane on Q5 through a point y ∈ Q5 is defined to be Πy :=
{x ∈ Q5 | x · y = 0}.
Set X := {(x, y) ∈ Q5 × Q5 | x · y = 0} and let p1 : X → Y := Q
5 be the
first projection and p2 : X → Z := Q
5 the second projection. We call this
X the family of special planes on Q5.
Then every p2-fiber over y ∈ Z ≃ Q
5 defines the special plane Πy ⊂ Y ≃
Q5. Hence p2 : X → Z is a P
2-bundle. By the symmetry, p1 : X → Y is also
a P2-bundle. Hence we have the following:
Proposition 2.5. The family of special planes X satisfies Condition (∗)
and admits two different P2-bundle over 5-dimensional quadric Q5.
In the next subsection, we shall show that the above two manifolds in
Theorem 2.2 and Proposition 2.5 are isomorphic to each other.
2.2. A characterization of projectivised Ottaviani bundle.
Theorem 2.6. Let X be a Fano 7-fold with Picard number two which sat-
isfies Condition (∗). Assume that X has a smooth P2-fibration π : X → Y .
Then X is isomorphic to P2 × Y or X0 as in Definition 2.1.
In particular two manifolds in Theorem 2.2 and Proposition 2.5 are iso-
morphic to each other.
The rest of this section is occupied with our proof of Theorem 2.6. Let
X be a manifold as in Theorem 2.6. Then Y is a 5-dimensional rational
homogeneous manifold with Picard number one by Condition (∗). By the
classification of rational homogeneous 5-folds, we have Y ≃ P5, Q5 orK(G2),
where K(G2) is the 5-dimensional Fano contact homogeneous manifold of
type G2. Since the Brauer group of Y is trivial there exists a vector bundle
E over Y such that X ≃ P(E ). By Condition (∗), we have the other smooth
elementary rational homogeneous fibration p : X → Z over some rational
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homogenous manifold Z:
X
pi
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦ p
  ❆
❆❆
❆❆
❆❆
❆
Y Z.
If the slope τ for the pair (Y,E ) is zero, then X ≃ P2×Y by Proposition 1.6.
Hence, in the rest of this section we assume that the slope τ for the
pair (Y,E ) is nonzero and we shall show that X is isomorphic to X0 as in
Definition 2.1.
Notation 2.7. In any case, we have Ai(Y )Z ≃ Z for each i. We fix an
effective generator of Ai(Y )Z as follows: A
0(Y )Z = Z [Y ], A
1(Y )Z = ZHY ,
A2(Y )Z = ZΣY , A
3(Y )Z = ZPY , A
4(Y )Z = Z ℓY , A
5(Y )Z = Z {point}.
We sometimes identify each class in Ai(Y )Z with some integer. Therefore
there exist a triple of integers (nY ,mY , dY ) which satisfies H
2
Y = nY ΣY ,
HY · ΣY = mY PY and H
5
Y = dY .
We will write d2(E ) = a ·H
2
Y and d3(E ) = b ·H
3
Y with rational numbers
a and b. Note that d2(E ) = nY a ∈ Z and d3(E ) = nYmY b ∈ Z.
Remark 2.8. We have the following:
(1) (nY ,mY , dY ) = (1, 1, 1) if Y ≃ P
5,
(2) (nY ,mY , dY ) = (1, 2, 2) if Y ≃ Q
5,
(3) (nY ,mY , dY ) = (3, 2, 18) if Y ≃ K(G2).
Lemma 2.9. dimZ ≤ 5.
Proof. Assume to the contrary dimZ = 6. Then the other contraction p
is a P1-bundle over Z. Then, since bi(X) = bi−4(Y ) + bi−2(Y ) + bi(Y ) and
bi(X) = bi−2(Z)+bi(Z) , we have b4(Z) = 2 and b6(Z) = 1. This contradicts
the hard Lefschetz theorem. 
Hence, by Remark 1.4 and Proposition 1.7, we have the following:
f(τ) = 21 τ5 + 35a τ3 + 21b τ2 + 7a2 τ + 2ab = 0,(2.9.1)
g(τ) = 15 τ4 + 15a τ2 + 6b τ + a2 = 0.(2.9.2)
Then we have R(f, g) = 0, where R(f, g) is the resultant. This is equiva-
lent to
0 = 9a(216 b2 + 49 a3)(250047 b4 − 222804 a3b2 + 132496 a6).(2.9.3)
Lemma 2.10. The following hold:
(1) a = −6 k2 and b = 7 k3 for some 0 6= k ∈ Z.
(2) τ = 2k.
(3) Up to twisting E with a line bundle, we have τ = c1(E ) and the
following possibilities for (Y ; c1(E ), c2(E ), c3(E )):
(a) (P5; 2, 2, 1),
(b) (P5; 4, 8, 8),
(c) (Q5; 2, 2, 2),
(d) (Q5; 4, 8, 16),
(e) (K(G2); 2, 6, 6).
(4) dimZ = 5.
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Proof. (1) First observe that a 6= 0. Indeed if a = 0 then the equation
f(τ) = g(τ) = 0 gives τ = 0, which contradicts our assumption τ 6= 0.
Hence the equation (2.9.3) gives
216 b2 + 49 a3 = 0
or
250047 b4 − 222804 a3b2 + 132496 a6 = 0.
For the latter equation we have b 6∈ Q, which is a contradiction. Hence the
former case occurs, equivalently we have:
216nY d3
2 + 49m2Y d2
3 = 0.
Note that d2, d3 ∈ Z and (nY ,mY ) is described as in Remark 2.8. For each
case we can solve the equation and the first assertion follows.
(2) By (1) and the equations (2.9.1) and (2.9.2), we have
(τ − 2k)2(τ + k)(τ2 + 3 kτ − k2) = 0,
(τ − 2k)(5 τ3 + 10 kτ2 − 10 k2τ − 6 k3) = 0.
This gives the second assertion.
(3) By Proposition 1.6 and our assumption τ 6= 0, we have 0 < τ = 2k <
rY . Hence we have k = 1 if Y ≃ K(G2), or k = 1, 2 otherwise. Since the
rank of E is three, we may assume that 1 ≤ c1(E ) ≤ 3 if k = 1, and that
4 ≤ c1(E ) ≤ 6 if k = 2.
By (1) and Remark 1.2 (3), the following hold:
−6 k2 = 3 c1(E )
2 −
9
nY
c2(E ),
7 k2 = 2 c1(E )
3 −
9
nY
c1(E )c2(E ) +
27
nYmY
c3(E ).
We have the assertion by solving these for each case.
(4) Since τ = 2 k, we have k 6= 0. By a direct calculation with Remark 1.2
and Remark 1.4, we obtain
(−Kpi + τ π
∗HY )
5π∗H2Y = 54k
2 6= 0.
Hence dimZ = 5. 
By Lemma 2.10 (4) and Condition (∗), Z is also a rational homogeneous
5-fold with Picard number one and p is an elementary rational homoge-
neous fibration of relative dimension two. Hence Z is isomorphic to P5, Q5
or K(G2), and p is a smooth P
2-fibration by the classification of rational
homogeneous manifolds. Since the Brauer group of Z is trivial, p is a P2-
bundle. Hence there exists a rank three vector bundle F on Z such that
X ≃ PZ(F ). Therefore we have the following diagram:
PY (E ) = X = PZ(F )
pi
vv♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠
p
((❘
❘❘
❘❘❘
❘❘❘
❘❘❘
❘
(Y,E ) (Z,F ),
where p is the natural projection. Twisting with a line bundle, we may
assume that (Z,F ) also satisfies the conditions in Lemma 2.10.
We use a similar notation for Ai(Z) as in Notation 2.7.
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Lemma 2.11. Only Lemma 2.10 (3) (c) occurs.
Proof. In any case of Lemma 2.10 (3), E and also F are nef but not ample
since the slope τ for each bundle is equals to its first Chern class. Hence
ξpi = p
∗HZ and ξp = π
∗HY .
By the Grothendieck relation,
nZmZ p
∗PZ = p
∗H3Z = ξ
3
pi = c1(E ) ξ
2
pi ·π
∗HY − c2(E ) ξpi ·π
∗ΣY + c3(E )π
∗PY .
We also have the following:
ξp · p
∗ΣZ = nZ ξ
2
pi π
∗HY ,
ξ2p · p
∗HZ = nY ξpi π
∗ΣY .
Because the triples (p∗PZ , ξp · p
∗ΣZ , ξ
2
p · p
∗HZ) and (π
∗PY , ξpi · π
∗ΣY , ξ
2
pi ·
π∗HY ) are Z-bases of A
3(X), the following matrix is unimodular: 0 nY 0nZ 0 0c1(E )
nZmZ
−
c2(E )
nZmZ
c3(E )
nZmZ
 .
From this it follows that
(1) Lemma 2.10 (3) (a) occurs and Z ≃ P5 or
(2) Lemma 2.10 (3) (c) occurs and Z ≃ Q5.
However the first one cannot happen by [29]. 
The following completes our proof of Theorem 2.6.
Lemma 2.12. Let (Y,E ) be as in Lemma 2.10 (3) (c), then E is stable.
Proof. It is enough to show that H0(E (−1)) = H0(E ∗) = 0.
Because ξpi defines the another contraction of fiber type p : X → Z, we
have ξpi ∈ Psef(X) \ Big(X), where Psef(X) is the pseudoeffective cone of
X and Big(X) the big cone of X. Hence we have 0 = H0 (O(ξpi − π
∗HY )) =
H0(E (−1)).
Note that E is a 2-ample vector bundle because p is a P2-bundle. Hence
H0(E ∗) = H5(ωY ⊗ E ) = 0 by the Sommese vanishing theorem [32, Propo-
sition 1.14]. 
Hence E is Ottaviani bundle in Definition 2.1. This completes the proof
of Theorem 2.6.
3. Contractions of Fano manifolds with Condition (∗) and
Proof of Theorem 0.2 in case ρX > n− 5
3.1. Contractions of Fano manifolds with Condition (∗). In this sub-
section, we generalize some results known for Fano manifolds with nef tan-
gent bundle to those for Fano manifolds with Condition (∗). We call a Fano
manifold with nef tangent bundle a CP manifold.
Proposition 3.1 (cf. [6, Theorem 5.2], [30, Theorem 4.4], [18, Proposi-
tion 4] for CP manifolds). Let X be a Fano manifold with Condition (∗)
and π : X → Y a contraction. Then the following hold:
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(1) The morphism π is smooth and Y is a Fano manifold with Condi-
tion (∗).
(2) ρF = ρX − ρY and j∗
(
NE(F )
)
= NE(X) ∩ j∗
(
N1(F )
)
for a π-fiber
F , where j : F → X is the inclusion.
(3) NE(X) is simplicial.
(4) The fibers of π are Fano manifolds with Condition (∗).
Proof. (1) By induction on ρ(X/Y ), we may reduce to the case ρ(X/Y ) = 1.
The first assertion follows from the definition of (∗). Hence Y is a Fano
manifold by [12, Corollary 2.9]. Then, since X satisfies Condition (∗), Y
also satisfies Condition (∗).
(2), (3) Note that TX is g-nef for every elementary contraction g. These
follow from the same argument as in [18, Proposition 4].
(4) By adjunction, F is a Fano manifold. By (2), every elementary con-
traction of F is induced by the elementary contraction of X. Hence the
assertion follows by induction on ρ(X/Y ). 
Proposition 3.2 (cf. [18, Proposition 5] for CP manifolds). Let X be a
Fano manifold with Condition (∗). Assume that there exists a contraction
π : X → M onto a Fano manifold M whose elementary contractions are
smooth P1-fibrations. Then X ≃ F × M and π is the second projection,
where F is a fiber of π.
Note that in the above proposition M is a complete flag manifold by [23].
Proof of Proposition 3.2. The same argument in the proof of [18, Proposi-
tion 5] does work in this case. 
Proposition 3.3 (cf. [10, Theorem 4.1] for CP manifolds). Let X be a Fano
n-fold with Condition (∗). If n ≤ 2ρX + 1, then one of the following holds:
(1) X ≃ Y ×M , where Y is a Fano manifold with Condition (∗) and M
is a complete flag manifold.
(2) X ≃
(
P2
)ρX , (P2)ρX−1 × P3, (P2)ρX−1 × Q3, (P2)ρX−2 × P(Si) or(
P2
)ρX−2 × P(TP3). In particular X is homogeneous in this case.
Proof. The proof of [10, Theorem 4.1] is done by induction on n and pro-
ceeded as follows: First we show that every CP manifold X with n < 2ρX
admits a contraction onto a Fano manifold M whose elementary contrac-
tions are smooth P1-fibrations. Then by [18, Proposition 5] and [23] we have
X ≃ Y ×M for a CP manifold Y and the first case as in this proposition
occurs. Hence we may assume that n = 2ρX or 2ρX + 1 and X does not
admit a contraction onto a complete flag manifold. Then, by induction on n,
we can reduce to the case of n ≤ 5, and the assertion follows from [3, 5, 34].
The proof of this proposition is also proceeded by induction on n and,
once the assertion in the case of n = 4 or 5 with Picard number two is
proved, then the same argument in the proof of [10, Theorem 4.1] works
(note that the assertion in the case of ρX = 1 is trivial by our definition of
Condition (∗)). On the other hand, the same argument to classify CP n-
folds with n = 4 or 5 and Picard number two in [5, 34] does work to deduce
the assertion in the case of n = 4 or 5 with Picard number two. Here we
sketch the argument shortened by using the result of [23].
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Let X be a Fano n-fold with Picard number two which satisfies Con-
dition (∗). Then there exist two elementary contractions π : X → Y and
p : X → Z:
X
pi
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦ p
  
❆❆
❆❆
❆❆
❆❆
Y Z.
By Condition (∗) and Proposition 3.1, all fibers of π and p, Y and Z are
rational homogeneous manifolds with Picard number one. We have dimY +
dimZ ≥ dimX, and we may assume that dimY ≥ dimZ.
The case n = 4. Then we have (a) dimY = 3 or (b) dimY = dimZ = 2.
Assume dimY = 3. If dimZ = 3, then by [23] X is a complete flag
manifold, hence it is homogeneous. If dimZ ≤ 2, then X ≃ P1 × Y by the
classification of Fano bundles of rank two on P3 and Q3 [33, 31].
Assume dimY = dimZ = 2. Then by [22, Lemma 4.1] X ≃ P2 × P2.
The case n = 5. Then we have (a) dimY = 4 or (b) dimY = 3 ≥ dimZ ≥
2.
Assume that dimY = 4. Note that the projectivization of the stable
vector bundle of rank two on Q4 with Chern classes c1 = −1 and c2 = (1, 1)
does not satisfy Condition (∗) (see for instance the proof of [34, Lemma 3.8]).
Hence by [1] we have X ≃ P1 × Y or P(Si), where Si is one of the spinor
bundles on Q4.
Assume that dimY = 3. Then, by [24, Theorem 2] and [22, Lemma 4.1],
X ≃ P2 × Y or P(TP3). 
3.2. The case ρX > n− 5. We show Theorem 0.2 in the case ρX > n− 5.
Theorem 3.4. Let X be a Fano n-fold with Condition (∗) and ρX > n− 5.
Then X is a rational homogeneous manifold.
Proof. The assertion follows from a similar argument for the classification
of CP manifold with ρX > 1 and ρX > n− 5 [3, 5, 34, 36, 10].
Here we include only a sketch of the proof. For details we refer the reader
to [3, 5, 34, 36, 10].
By Proposition 3.3 and induction on n, we may assume that n > 2ρX+1.
Since ρX > n−5, we have the case n = 6 and ρX = 2 or the case ρX = 1. The
assertion in the case of ρX = 1 is trivial by the definition of Condition (∗).
Therefore it is enough to show the assertion in the case of 6-folds with Picard
number two. In this case the argument is the same as the classification of
CP 6-folds with Picard number two in [10, Proposition 2.8, Theorem 2.9
and Theorem 4.3] except for the proof of [10, Proposition 2.3 (6) =⇒ (1)].
Here we give an alternative argument. We need to show the following:
Let E be a vector bundle of rank r over a manifold Y and π : P(E )→ Y the
natural projection. Assume that P(E ) is a Fano manifold with Condition (∗).
If E splits into a direct sum of line bundles, then P(E ) is trivial.
As in the proof of [10, Proposition 2.3 (6) =⇒ (1)], we may assume that
PicY = Z and E = ⊕O(ai) for some integers a1 ≤ · · · ≤ ar. By twisting
with a line bundle, we may assume that a1 = · · · = as = 0 and as+1 6= 0
for some integer s ≥ 1. If s < r, then the relative tautological divisor ξ is
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nef and big but not ample, which contradicts the fact that P(E ) satisfies
Condition (∗). Hence we have r = s, which completes the proof. 
4. The case ρX = n− 5
In this section, we shall complete our proof of Theorem 0.2 in the case
ρX = n − 5. Before proving it, we include here the classification of Fano
manifold of dimension at most six with Condition (∗) for convenience of
the readers. This is equivalent to the classification of rational homogeneous
manifolds of dimension at most six by Theorem 3.4.
Proposition 4.1. Fano manifold of dimension at most 6 with Condition (∗)
is one of the following:
dimX ρX X
6 1 P6, Q6, G(2, 5) or LG(3, 6),
2 P1×P5, P1×Q5, P1×K(G2), P(C ), P
2×P4, P2×Q4,
(
P3
)2
,
P3 ×Q3 or
(
Q3
)2
,
3
(
P1
)2
×P4,
(
P1
)2
×Q4, P1×P(Si), P
1×P(TP3), P
1×P2×P3,
P1 × P2 × Q3,
(
P2
)3
, P2 × P(N ), F (1, 2, 3; 4), P(TP2) × P
3
or P(TP2)×Q
3,
4
(
P1
)3
× P3,
(
P1
)3
×Q3,
(
P1
)2
× P(N ),
(
P1
)2
×
(
P2
)2
, P1×
P(TP2)× P
2 or
(
P(TP2)
)2
,
5
(
P1
)4
× P2 or
(
P1
)3
× P(TP2),
6
(
P1
)6
,
5 1 P5, Q5 or K(G2),
2 P1 × P4, P1 ×Q4, P(Si), P(TP3), P
2 × P3 or P2 ×Q3,
3
(
P1
)2
×P3,
(
P1
)2
×Q3, P1×P(N ) P1×
(
P2
)2
or P(TP2)×P
2,
4
(
P1
)3
× P2 or
(
P1
)2
× P(TP2),
5
(
P1
)5
,
4 1 P4 or Q4,
2 P1 × P3, P1 ×Q3, P(N ) or
(
P2
)2
,
3
(
P1
)2
× P2 or P1 × P(TP2),
4
(
P1
)4
,
3 1 P3 or Q3,
2 P1 × P2,
3
(
P1
)3
,
2 1 P2,
2
(
P1
)2
,
1 1 P1,
where G(2, 5) is the Grassmannian of planes in C5, LG(3, 6) is the La-
grangian Grassmannian of three dimensional subspaces in C6, F (1, 2, 3; 4)
is the variety of complete flags in C4 (see also Convention 0.5).
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First we show the assertion in the case of 7-folds with Picard number two
(Proposition 4.3).
Notation 4.2. Let X be a Fano 7-fold with Picard number two which satisfies
Condition (∗), and π : X → Y and p : X → Z the elementary contractions:
X
pi
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦ p
  ❆
❆❆
❆❆
❆❆
❆
Y Z.
We have dimY + dimZ ≥ dimX and may assume that dimY ≥ dimZ.
We denote by F (i, j; k) the variety of flags (Vi ⊂ Vj ⊂ C
k) with dimVi = i
and dimVj = j.
Proposition 4.3. In the above notation, X is one of the following:
(1) Pr × Y or Q3 × Y , where Y is a rational homogeneous manifold.
(2) F (1, 2; 5) or F (1, 4; 5).
(3) X0 as in Definition 2.1.
In particular, Theorem 0.2 holds in this case.
Proof. By the equations dimY + dimZ ≥ dimX and dimY ≥ dimZ, we
have dimY ≥ 4.
First assume dimY = 6. Then Y is isomorphic to P6, Q6, Grassmannian
G(2, 5) or Lagrangian Grassmannian LG(3, 6); X is isomorphic to some
projectivised vector bundle P(E ) with a Fano bundle of rank two on Y and
π is the natural projection since the Brauer group of Y is trivial. Note that
the fourth Betti number b4(LG(3, 6)) = 1. Then, by the classification of
Fano bundles of rank two [1], [17] and [19, Lemma 6.1 and Theorem 6.5], E
is a split vector bundle O ⊕O(a) or the universal subbundle on G(2, 5) up
to twist with some line bundle.
If E splits, then E ≃ O⊕2 since the other contraction p is of fiber type by
Condition (∗). Hence X ≃ P1 × Y .
If E is the universal subbundle on G(2, 5), then X ≃ F (1, 2; 5).
Second assume dimY = 5. Then by Condition (∗), p is a P2-bundle and
hence the assertion follows from Theorem 2.6.
Finally we assume that dimY = 4. Then π is a P3-bundle or a Q3-bundle
on Y , and we have dimZ = 3 or 4.
If dimZ = 3, then −Kpi is nef by [10, Proposition 3.1], and hence −Kpi
defines the contraction p. Then, for a p-fiber F ′, we have
−KF ′ = −KX |F ′ = (−π
∗KY −Kpi)|F ′ = −π
∗KY |F ′ .
Therefore the morphism F ′ → Y is e´tale, and hence isomorphism. This
implies that X ≃ Y ×Z, where Y and Z are homogeneous by Condition (∗).
Hence we may assume that dimZ = 4. In this case it is enough to
show that π and p are smooth P3-fibrations by [24, Theorem 2]. Assume
to the contrary that one of the morphisms is a smooth Q3-fibration. We
may assume that π is a smooth Q3-fibration. Then, by the Serre spectral
sequence, H2(X,Z) → H2(F,Z) is surjective, where F is a π-fiber. Hence
there exists a vector bundle E of rank five on Y such that X is a (relative)
quadric in P(E ), more precisely;
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(1) X ⊂ P(E ) and X ∈ |2 ξ + mϕ∗HY |, where ξ is the tautological
divisor on P(E ) and HY is the ample generator of Pic(Y ).
(2) E ∗ ≃ E (mHY ) by the section s ∈ H
0(S2E (mHY )) corresponding to
X ∈ |2 ξ +mϕ∗HY |.
X
pi


 i
// P(E )
ϕ
||③③
③③
③③
③③
Y.
Since the rank of E is odd, m is an even number by (2). Hence we may
assume that m = 0 by twisting E with a line bundle.
Note that, since E ≃ E ∗, odd Chern classes vanish and the Grothendieck
relation of P(E ) is
ξ5 + ϕ∗c2(E ) · ξ
3 + ϕ∗c4(E ) · ξ = 0.(4.3.1)
Also note that −Kpi = 3ξ|X by the adjunction.
Let τ be the slope for π : X → Y , that is −Kpi + τπ
∗HY is nef but not
ample (cf. Subsection 1.2 for projectivised vector bundles). Then g is defined
by the divisor −Kpi + τπ
∗HY , and hence
(−Kpi + τπ
∗HY )
6 · π∗HY = (−Kpi + τπ
∗HY )
5 · π∗H2Y = 0.
Since X ∈ |2ξ|, we rewrite these as follows:
(3ξ + τϕ∗HY )
6 · ϕ∗HY · ξ = (3ξ + τϕ
∗HY )
5 · ϕ∗H2Y · ξ = 0 on P(E ).
Combining with the Grothendieck relation (4.3.1), we have
10H4Y τ
2 − 32c2(E )H
2
Y = 0,
10H4Y τ
3 − 33c2(E )H
2
Y τ = 0.
This implies that τ = 0 and c2(E )H
2
Y = 0. Hence −Kpi is nef but not
ample, and defines the other contraction p. It follows from the Grothendieck
relation (4.3.1) and c2(E )H
2
Y = 0 that (−Kpi)
4 · π∗H3Y = 0. Hence we have
dimZ = 3, which contradicts our assumption dimZ = 4. 
Second we show the assertion in the case of 8-folds with Picard number
three:
Proposition 4.4. Let X be a Fano 8-fold with Picard number three which
satisfies Condition (∗). Then X is a complete flag manifold or a product of
two Fano manifolds with Condition (∗). In particular, Theorem 0.2 holds in
this case.
Proof. By the assumption on X, there exists the following commutative di-
agram whose arrows are pairwise distinct elementary rational homogeneous
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fibrations by Proposition 3.1:
X
f2

f1
""❋
❋❋
❋❋
// X3

$$❍
❍❍
❍
X1
g1

// X3,1

X2 //
g2 ""
❊❊
❊❊
X2,3
##●
●●
●
X1,2 // pt.
(4.4.1)
Set h := g1 ◦ f1 = g2 ◦ f2.
If every elementary contraction of X is a smooth P1-fibrations, then X
is a complete flag manifold by [23], and the assertion follows. If X admits
a contraction π onto a complete flag manifold M , then X is isomorphic to
the product of a π-fiber and Y by Proposition 3.2, and the assertion follows
also in this case.
Therefore, we may assume that X has an elementary contraction which
is not a smooth P1-fibration and that X does not admit a contraction onto
a complete flag manifold. By renumbering if necessary, we may assume that
dimX1 ≤ 6. Then, by our assumption and Propositions 3.1 and 4.1, X1 is
one of the following homogeneous manifolds:
(1) P2 × P4, P2 ×Q4, P2 × P3, P2 ×Q3, (P2)2,
(2) P(Si), P(TP3),
(3) P3 ×Q3, (P3)2, (Q3)2.
If Case (1) or (2) occurs, then we may assume that g1 is a P
2-bundle.
Every h-fiber is a Fano manifold with Condition (∗) of dimension 4, 5 or 6
by Proposition 3.1 and it admits a contraction onto P2. Then every h-fiber
is isomorphic to P2 × (an f1-fiber) by Proposition 4.1. Hence the square on
the left of (4.4.1) is a Cartesian product and f2 is a P
2-bundle.
Therefore, if Case (1) occurs, then we have X ≃ X3,1 × X2 since the
squares on the left and the front are Cartesian products.
On the other hand, if Case (2) occurs, then we have X1,2 ≃ P
3. Then
(an f1-fiber) ≃ (a g2-fiber) ≃ P
3 or Q3. Hence X2 ≃ X1,2 × (a g2-fiber) and
X2,3 ≃ (a g2-fiber) by Propositions 3.1 and 4.1. Then the square on the
bottom of (4.4.1) is a Cartesian product and X ≃ X1 × P
3 or X1 ×Q
3.
Assume that Case (3) occurs. If the square on the left of (4.4.1) is a
Cartesian product, then X ≃ X2×X3,1 and the assertion follows. Hence we
may assume that the square on the left is not a Cartesian product. Then
h-fibers are isomorphic to P(Si) or P(TP3) by Propositions 3.1 and 4.1. In
particular we have g1 is a P
3-bundle. In this case, f2 : X → X2 is the family
of linear subspaces in g1-fibers. By the universality of Hilbert schemes, we
have X ≃ X1,2 × P(Si) or X1,2 × P(TP3). 
We prove the following, which completes the proof of our main theorem:
Theorem 4.5. Let X be a Fano n-fold with Condition (∗) and Picard num-
ber ρX = n − 5. Then X is a rational homogenous manifold or (P
1)n−7 ×
(X0 as in Definition 2.1).
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Proof. We proceed by induction on n. The assertion in the case of n = 6
follows from the definition and the assertion in the cases n = 7 or n = 8
follows from Propositions 4.3 and 4.4. If n > 8, then n ≤ 2ρX + 1 holds.
Therefore X is homogeneous or a product Y ×M with M is a complete flag
manifold by Proposition 3.3. In the latter case, since
dimY − ρY ≤ dimX − ρX = 5,
Y is a rational homogenous manifold or (P1)dimY−7 ×X0 by our inductive
hypothesis.
If Y is a rational homogenous manifold, then the assertion follows. If
Y is isomorphic to (P1)dimY−7 × X0, then dimM = ρM . Hence M ≃
(P1)dimX−dimY by [2, Proposition 2.4], [22, Proposition 5.1] or [34, Propo-
sition 2.3]. This completes the proof. 
Finally, we prove Corollary 0.3.
Proof of Corollary 0.3. By Theorem 0.2, it is enough to show that every CP
n-fold with ρX > n − 6 satisfies Condition (∗). The proof is proceeded by
induction on ρX . Note that every CP manifold with Picard number one
and dimension at most five is a rational homogeneous manifold by [3, 8, 15,
9]. Hence, by our assumption, every CP manifold with Picard number one
and dimension at most six is a rational homogeneous manifold, and hence
satisfies Condition (∗).
Let X be a CP n-fold with ρX > n− 6 and ρX > 1. Suppose that
X
f1
−→ X1
f2
−→ · · ·
fm−1
−−−→ Xm−1
fm
−−→ Xm
is a sequence of elementary contractions. Then X1 is again a CP manifold
by [6, Theorem 5.2], [30, Theorem 4.4] or [18, Proposition 4] (cf. Propo-
sition 3.1). Hence by our inductive hypothesis X1 satisfies Condition (∗),
and hence fi for i ≥ 2 are rational homogeneous fibrations. On the other
hand, by [18, Proposition 4], every f1-fiber F is a CP manifold with Picard
number one and ρX1 ≤ dimX1. Then we have
dimF = dimX − dimX1 ≤ dimX − ρX1 = dimX − ρX + 1 < 7.
Hence F is a rational homogeneous fibration by our assumption and the
assertion follows. 
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